Abstract. We consider a modified Euler equation on R 2 . We prove existence of weak global solutions for bounded (and fast decreasing at infinity) initial conditions and construct Gibbs-type measures on function spaces which are quasi-invariant for the Euler flow. Almost everywhere with respect to such measures (and, in particular, for less regular initial conditions), the flow is shown to be also globally defined.
Introduction
The Cauchy problem for the Euler equation is a challenging problem in nonlinear partial differential equations. Local existence of smooth solutions was proved by Lichtenstein in 1925 [14] . In two-dimensions and in bounded domains existence, uniqueness and global regularity were shown when the initial vorticity is bounded, by Yudovich (1963) [12] . Solutions with initial data of finite energy were studied also by Kato [13] and Bardos [3] , among others. There is an extensive literature about local solutions of Euler equations, but much less is known about global ones. The only known results to the authors are due to DiPerna and Majda [8] concerning very weak solutions and a recent work [11] dealing with special function spaces which allow for unbounded vorticities.
The least action principle on the diffeomorphisms group (Arnold [2] , Ebin-Marsden [9] , more recently Brenier [4] ) is a different approach, that studies the Lagrangian problem for the position and not directly the Cauchy problem for the velocity field.
There is also the statistical approach to this type of equations, that consists in defining a priori invariant (or quasi-invariant) measures for the flow and using such measures to prove existence starting (almost everywhere) in the support of the measures. These supports are in general spaces of irregular functions. With respect to this approach, we mention [1] for the case of the periodic two-dimensional Euler equation. Recently, in [7] we have obtained by these methods local solutions in the plane.
In this work, we consider a modification of the Euler equation (c.f.(1)) involving the pressure term, which allows us to use the Ornstein-Ulhenbeck operator instead of the Laplacian in the vorticity equation and to use Sobolev spaces with respect to Gaussian measures. For this modified equation we first look for weak solutions starting with bounded functions. Then we construct quasi-invariant Gibbs-type measures and define global solutions of the equation for less regular initial conditions (in the support of such probability measures).
The modified Euler equation
We present a different Euler equation, with a modification of the pressure contribution, namely 1 ∂ũ ∂t + (ũ · ∇)ũ = −∇p + cxp, divũ = 0 (1) whereũ : R × R 2 → R 2 denotes the time dependent velocity field, p : R × R 2 → R may depend on c and c is a fixed parameter in (0, 1).
After the change of variables
where
denotes a Gaussian density in R 2 , the equation reads,
) may be identified with the complex spaces
These are Hilbert spaces with inner products given by
By · β,σ c we denote the norm of H β σ c (R 2 ) for all β ∈ R.
The vorticity equation
As usual the vorticity equations are obtained by taking the "curl" of equation (3) . We have
Moreover, since divũ = 0 we known that there exists a real-valued function ϕ : R × R 2 → R such that u = ∇ ⊥ ϕ and u = σ c ∇ ⊥ ϕ. Thus we have
from which follows that the vorticity equation can be written as
or equivalently as
In particular, we observe that the quantity L c ϕ is conserved along the particle trajectories with velocitỹ u, that we denote by Φ t , that is
Indeed, by definition of particle trajectories, we have
Φ 0 (x) = x,
where the last equality follows from (12) . The L p -norms of L c ϕ are conserved for all p ∈ {1, 2, . . . , ∞}; indeed for any f measurable function
For p = 2, we directly prove the statement 1 2
Existence and uniqueness. In this section we look for pointwise solutions of equations (3) . By equation (13), we obtain weak solutions of
if we are able to solve the associated ODE for the particle trajectories
If we define by ω the vorticity of u, that is
Now the idea is to apply ∆ −1 to both members of the latter expression.
and
where (17) where this should be understood as
Using iteratively equation (17), we get an expression for
The n-th term of the previous expansion is smaller than
n c n−1 , thus we have |ρ c u| ρ c ω L ∞ , where stands for less or equal up to a multiplicative constant.
is a weak solution for equation (12) .
Proof. By Osgood's theorem in Banach spaces (see [19] ), if ρ c u is a quasi-Lipschitz field, we obtain a unique solution for the Cauchy problem (14) 
Below we follow Appendix 2.3 of [17] (where the case of a bounded domain is treated) to prove the quasi-Lipschitz continuity. Let r := |x − x ′ |; for r ≥ 1 the statement is a consequence of the previous computations, for r < 1 we set A := y ∈ R 2 | |x − y| ≤ 2r and we write
On one hand,
On the other, choosing x ′′ to be a point belonging to the segment x, x ′ , for y ∈ A c we have
Computing the integrals we obtain
where λ, defined by λ(r) = r, for r ≥ 1 and by λ(r) = r(1 − ln r), for r < 1, is the modulus of continuity for ρ c u. That is ρ c u is quasi-Lipschitz continuous and by Osgood's theorem there exists a unique flow given by
, which is sufficient to verify the vorticity equation in the weak sense, that is
Quasi-invariant measures
On a probability space (Ω, F , P) we let {g k } k∈Z 2 to be a sequence of independent and identically distributed random variables, where each g k is distributed as a standard, complex-valued Gaussian. We denote byλ k the eigenvalues of the Ornstein-Uhlenbeck operator L c on L 2 σ c , that isλ k = −c|k| for all k ≥ 0. For any given n, we consider the random variable
whose law is given by
thus µ σ c ,γ is formally the Gibbs-type measure associated to the quantity
. Now we prove that the supports of the measures µ σ c ,γ are not only spaces of very irregular functionals, but that in fact contain regular functions. Namely, L p loc (R 2 ) ⊂ supp µ σ c ,γ for every p ∈ (2, 10/3). We will use the so called "dispersive bound" for Hermite functions, firstly proved in dimension one by N. Burq, L. Thomann and N. Tzvetkov in [5] and extended to other dimensions by A. Poiret in his Ph.D. thesis [18] .
Below we denote by h k (x) the k-th order Hermite's function on R 2 , defined by h k (x) = h k1 (x 1 ) × h k2 (x 2 ) for all x ∈ R 2 and for all non-negative k ∈ Z 2 , where
It is well known that h k is an eigenfunction, with corresponding eigenvalue denoted by λ 2 k , for the harmonic oscillator
. For further details see [18] . The relation between the Hermite's polynomials and the Hermite's functions is the following:
The following result was proved in [18] . 
Moreover there exists a positive constant C such that for all n, m
In the two-dimensional case and for particular values of p, we show that the above result implies the following control over the L p -norms of the Hermite's functions.
where θ ∈ (0, 1) is such that . This implies
On the other hand, by Hölder's inequality,
, where θ ∈ (0, 1) is such that and from the bound (19) we conclude that
≤ Cλ
Below we translate the above bounds in terms of Hermite's polynomials.
where θ ∈ (0, 1) is such that
10/3 and where R is a geometric constant that depends on each compact subset of R 2 considered.
Proof. Let R > 0; by the relation (18) we have 
Here we characterise the supports of the measures µ σ c ,γ and in particular we see that they contain regular functions (and not only distributions). 
Proof. As µ σ c ,γ is the law of the random variable Γ γ , its support is given by the spaces in which Γ γ (ω, ·) takes values P-almost surely. For any arbitrary R > 0 we have
, which in turn, by Corollary 4.2,
< +∞ with δ(k) a strictly positive quantity. Moreover, for any ε > 0 we have
The vorticity vector field
Similarly to what was previously done for Euler equation in a compact domain (c.f. [1] ), we plan to write the vorticity equation,
as an infinite system of ordinary differential equations, using the orthonormal basis of L 
on the other
By p ≥ 0 we mean p i ≥ 0, for i = 1, 2. From Hermite polynomial's properties (8) and (10) we have
where in the last equality we used |q| < |p|. We define k = p + q − 1 − 2r, then r = (p + q − 1 − k)/2 and 0 < |k| < 2|p|; we get
Comparing equations (20) and (21), the vector field B c , corresponding to the equation
where ϕ denotes the Euler stream-function, can be written as follows
Remark 5.1 (Properties of A(p,q,k)). For all non-negative p, q, k the quantity A(p, q, k) verifies the following properties,
We can permute the series in the indices k and p that appear in the expression of B c ; moreover from property (ii) of A(p, q, k), we deduce that the vorticity equation for (3) reads as
where B c k denotes the k-th component in the Hermite basis of B c . Namely
5.1. Regularity. In this section we study the L r -regularity of B c and its derivatives with respect to the measures µ σ c ,γ .
Proof. It is enough to prove E µ σ c ,γ B c (ϕ) 2r β,σ c < +∞ for all odd r ≥ 1. We have
From (26) we get
where C(r, γ, c) =
We conclude that for all β,
In particular the field B c takes values in the Cameron-Martin space H 2 σ c . In Malliavin calculus (c.f. [15] ), for a functional F defined on an abstract Wiener space (X, P, H), where P and H denote the corresponding Wiener measure and Cameron-Martin space, one defines derivatives along directions h ∈ H as follows:
the limit being taken almost everywhere with respect to P . Then these derivatives determine a gradient operator which is a linear operator on H and we can use the identification ∇F ∈ H by Riesz theorem. If ∇F is Hilbert-Schmidt we can iterate the procedure and define the second gradient (etc).
Proof. First we compute the Malliavin derivative of B c (ϕ) with respect to the j-th order Hermite poly-
where by the definition above
and the above limit is taken almost everywhere with respect to µ σ c ,γ . Therefore
in the last equality we relabelled the series in p and used property (i) of A(p, q, k) (c.f. Remark 5.1). Also we have
We denote by {Ĥ
1+c|k| for all k ≥ 0, and we have
By property (iii) of A(p, q, k) and for every β ∈ R
In particular we have
Similarly, for the second order derivative we have
5.2. The divergence operator. The divergence on an abstract Wiener space (X, P, H) is the dual of the gradient operator on this space. Namely, for Z : X → H the divergence of Z, denoted by div P Z, is such that
For all n we denote by B n,c a Galerkin approximation of B c , that is the projection of B c on the subspace of L 2 σ c generated by {H α1 , . . . , H α d(n) } where α 1 , . . . , α d(n) denote non-negative pairs of Z 2 . We have
We denote by µ n σ c ,γ the probability measure given by
and by η n γ the Radon-Nikodym density of dµ n σ c ,γ with respect to the Lebesgue measure, dλ n , that is
, where
. The divergence of B n,c with respect to the measure µ n σ c ,γ is given by
On one hand 
6. Existence and quasi-invariance
In this section, we prove that there exists a flow for the vector field B c defined almost everywhere with respect to each probability measure µ σ c ,γ . Moreover, we show that the probability measures µ σ c ,γ are quasi-invariant with respect to these flows.
The proof of these facts will follow from a result by A. S. Ustunel, Theorem 5.3.1 of [20] . This theorem gives some exponential integrability conditions on the vector field that ensure existence and quasi-invariance, generalizing a previous result by A. B. Cruzeiro [6] . Both results hold for vector fields on Wiener spaces taking values in the Cameron-Martin spaces, thus below we fix β = 2.
Recall that, if ν is a measure defined on a probability space (Ω, F , P) and T : supp ν → supp ν , we say that ν is quasi-invariant under T if T * ν << ν.
